COUNTING RATIONAL POINTS OVER NUMBER FIELDS ON 
A SINGULAR CUBIC SURFACE 



CHRISTOPHER FREI 



Abstract. A conjecture of Manin predicts the distribution of i4'-rational 
points on certain algebraic varieties defined over a number field K. In re- 
cent years, a method using universal torsors has been successfully applied to 
several hard special cases of Manin's conjecture over the field Q. Combining 
this method with techniques developed by Schanuel, we give a proof of Manin's 
conjecture over arbitrary number fields for the singular cubic surface S given 
by the equation = X1X2X3. 
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1. Introduction 

We consider the cubic surface S* C defined over any number field K by the 
equation 

Xq = X1X2X3. 

It is toric, has three singular points (0 : 1 : : 0), (0 : : 1 : 0), (0 : : : 1), 
and contains three lines Li := {xq = Xi — 0}, for i G {1,2,3}. The set S{K) of 
if-rational points on S is infinite. 

The Weil height of x = (xa : xi : X2 ■ X3) € P'^(A') is defined by 

H{:x.)= Y\. T^Si-K{\xo\^,\xi\^,\x2\„,\x3\^}'^". 

veM(K) 
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Here, M{K) is the set of places of K, the absolute values | • \i, are normalized 
such that they extend the usual absolute values on Q, and di, is the local degree 
[K^ : Qp], if V extends the place p of Q. 

It is well known that there are only finitely many points of bounded height in 
[K] , so it makes sense to study the number of iiT-rational points on S of height 
bounded by B, as B tends to infinity. A general conjecture by Manin [18| applied 
to our case links the asymptotic behavior of this quantity to geometric features of 
S, provided that we exclude the points lying on the lines L.^. Indeed, the number 
of if-rational points of bounded height on these lines dominates the number of ir- 
rational points on the rest of S, whereas much of the geometric information about 
S would be lost when considering just the lines. 

Therefore, we denote by U the complement of the three lines in S and define the 
counting function 

N{B) := |{x e U{K) I iJ(x) < B}\. 

Here, U{K) is the set of iiT-rational points on U . Manin's conjecture predicts in 
this case that 

N{B) - cB{\ogBf, 

with a positive constant c = cs,k,h- It has been proved for smooth toric varieties 
over arbitrary number fields by Batyrev and Tschinkel [2] , studying the height zeta 
function with the help of Fourier analysis. In [3] they explain how this result can 
be applied to prove Manin's conjecture for our singular surface S. Similar methods 
work for other varieties that are equivariant compactifications of certain algebraic 
groups (e.g. [H]). 

Salberger [21] gave a new proof of Manin's conjecture for split toric varieties 
over the field Q of rational numbers by a fundamentally different approach using 
universal torsors. These were first introduced by Colliot-Thelene and Sansuc [MlfTS] 
to study the Hasse principle. In the context of Manin's conjecture, the basic idea is 
to find a parametrization of the rational points on the variety under consideration 
that makes it feasible to count them by analytic number theory. 

Based on Salberger's ideas, proofs were found for several hard special cases of 
Manin's conjecture over Q, to which the methods of Batyrev and Tschinkel can not 
be applied (e.g. [Tl[5l[6l[71|8l[TTJ[T0l[2T]). For our surface 5, independent proofs of 
Manin's conjecture over Q were given by de la Breteche |4j, Fouvry [T7], Salberger 
|24) . Heath-Brown and Moroz [12], and de la Breteche and Swinnerton-Dyer [3], 
with the help of such parametrizations. The best error terms have been obtained 
in [IE]. 

In a first attempt to generalize universal torsor techniques to number fields other 
than Q, Derenthal and Janda [TB] modified the approach by Heath-Brown and 
Moroz [19| and successfully applied it to the case of imaginary quadratic number 
fields of class number 1 . 

In this article, we combine the method of Derenthal and Janda with ideas de- 
veloped by Schanuel [25] and apply it to arbitrary number fields. To the author's 
best knowledge, this is the first example of universal torsor techniques applied to a 
special case of Manin's conjecture over general number fields, aside from Schanuel's 
result for P". Hopefully, similar approaches will lead to results for non-toric vari- 
eties. 

Before we state the theorem, let us fix some notation: By A^e , /i^c , Rk^ and luki 
we denote the discriminant, class number, regulator, and number of roots of unity 
of K. Moreover, r and s denote the number of real and complex places of if, and 
q := r + s ~ 1. We write Ok for the ring of integers of K and for the absolute 
norm of the nonzero fractional ideal a of K. 
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Theorem 1. For every number field K, we have 

N{B) ^ CKB{\ogBf + 0{B{\ogBf), 
for B > e. Here, the implicit O -constant depends on K , and 



CK := 




"yip J \ mp mp'^ 

where the product runs over all nonzero prime ideals p of Ok ■ 

1.1. The leading constant. For any smooth Fano variety V, Peyre gave a 
conjectural interpretation of the leading constant cv.k.h in Manin's conjecture. 
Batyrev and Tschinkel [3] extended this to certain quasi- projective varieties, in- 
cluding our U. Here, the constant should have the form [3! Section 3.4, Step 4] 

1,c-^{U)S,c-^{U)t,c-^{U) 
6! 

where Jic-^{U) is the volume of a certain polytope depending only on U, Si(^-i(U) 
is a cohomological invariant, and r^c-i (U) is a generalized version of the Tamagawa 
number introduced by Peyre |23] for smooth Fano varieties. 

Derenthal and Janda [THl Section 3] computed these constants for our U over 
arbitrary number fields K, using a minimal desingularization 5 of S* constructed by 
blow-ups of in six rational points: We have dic-i{U) — 1, and, as already given 
in O Section 5.3], jic-'^{U) — 1/36. The Tamagawa number t;q-i{U) is an adelic 
invariant given as a product of local densities with certain convergence factors 

'2-{27rYhKRK^ ' 



For the Archimedean densities, we have 

=36, if iv:^ = M, and ujk:-\u{S{K^)) ^ iQir'^ /li = <C. 

The non- Archimedean density at the place v corresponding to the prime ideal p of 
Ok is given by 

Putting this together, we see that the constant ck in Theorem [1] is as expected. 

1.2. More notation. The ideal class of a nonzero fractional ideal o of if is denoted 
by [a]. We write Pk for the group of nonzero principal fractional ideals of K . We 
denote the real embeddings by ui, . . ., cjr : K ^ M. and the complex embeddings 
by CTr-i-i, CTr+i, . . ., Ur+s, '^r+s K ^ C The component-wise continuation of at 
to is also denoted by (7^. If z/ is the place corresponding to ai then we put 
di := dy. When convenient, we write a'*^ := cri(a), for a £ K. If a, b are fractional 
ideals of K, we put (a, b) :— a+ b. For any point x — (xq, . . . ,a;„) € K"-^^ , let 
a(x) {xqOk, ■ . ■,XnOK)- Then, for x e K^, 

i^(x) = Da3(x)-l^^lax{|x«|,|x«|,|x«|,|x«|}''^ 

We fix, once and for all, a system of fundamental units of OK^ and denote 
by F the multiplicative subgroup oi generated by this system. Then J" is a 
free Abelian group of rank g, and the unit group O^ is the internal direct sum 
O^ = IJ-kJ^, where iik is the group of roots of unity in K. 
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Moreover, we fix, once and for all, a system C of integral representatives for the 
ideal classes of Ok, that is a set of Hk nonzero ideals of Ok, one from every ideal 
class. 

2. Passing to a universal torsor 

In this section, we find a parametrization of the rational points of bounded 
height on U by (almost) integral points on an open subset of A^^-, subject to some 
height- and coprimality conditions, and up to a certain action of {O^Y . This 
parametrization has the merit that, due to the coprimality conditions, the non- 
Archimedean parts of the height conditions are trivial. 

Over Q and imaginary quadratic number fields, the action of {O^Y makes no 
problems, since then O^ is finite. In general, that is not the case; this is one of the 
main difficulties which we have to overcome. 

While we will use purely number-theoretic arguments, it should be mentioned 
that the open subset of is a universal torsor over 5*, and that our construction is 
motivated by geometric considerations (see ). The choice of indices might seem 
slightly counter-intuitive at the beginning. It is, however, closely related to those 
geometric considerations and will lead to a rather symmetric result. 

2.1. Parametrization. Let 'i'o : be given by 

*o(a;23,a;3i,a;i2) = (a;i2a;23a;3i, a;i2a;3i, a;23a;?2, a;3ia;23). 

We will also consider ^1*0 as a rational map P'^ P^^. Let y C P^ be the open 
subset 

V = {{x23 ■■ X31 : X12) e P^ I a;i2a;23a;3i 7^ 0}. 
Then induces a bijection between V{K) C V2{K) and UiK) C F^iK) with 
inverse (xq : xi : X2 ■ X3) 1— {xq : xgxi : xiX2)- Therefore, 

(2.1) N{B) = |{x e V{K) I iJ(*o(x)) < B)\. 

Whenever indices j, k, I appear in an expression, this expression is understood 
to hold for all (j, fc, G {(1, 2, 3), (2, 3, 1), (3, 1, 2)} =: A. 

Lemma 2.1. Let bi, 62, 63 he nonzero ideals of Ok, md let c :— (bi, b2, ba). Then 
there exist unique nonzero ideals ai, 02, as, ai2, 021, 023, 032, a^i, 013 of Ok such 
that 

(2.2) t'j = c • Ujk ■ al ■ aik ■ aj ■ atj, 
and such that the following coprimality conditions hold: 

(2.3) {ak,aj)=OK (2.6) (afe,o,,)-OK (2.9) {aik,aij)^OK 

(2.4) {ak,akj)=OK (2.7) {ak,aki)^OK (2.10) (azfe,a,z)=OK 

(2.5) {ak,aji)=OK (2.8) (a,fc,a,fe) = OK (2.11) {ajk,aki) = Ok- 



Conversely, given ideals Ofc, ajk, aik as in (j2.3p - (|2.1ip . the ideals bj defined by 
(EH) satisfy (bi,b2,b3) = c. 



Proof. It is enough to prove the lemma if c = Ok, since we can always replace bj 
by c^^bj. In this case, we have {bj, b^)(bi, bj) \ bj. Let 



b," / bo \ (bo, bfe) 

2.12 Qjfc := , Ofc := ' bk , and aik := — . 

{bj,bi){bi,bj) \{bj,bk) ) 

Then the ajfe, o^, Oz/c are nonzero ideals of Ok and (|2.2p holds, since (bj,b^.) = 
{fOj,bk)^k — and (b;,bj) = QjCtfej. One readily verifies that the left-hand 

side in conditions - (HH), ([211), (pHI)) divides (bi,b2,b3) = Ok- Similarly, 



RATIONAL POINTS OVER NUMBER FIELDS ON A SINGULAR CUBIC SURFACE 5 



the left-hand side m (^11]) divides {bj/{bj,bk),bk/ibj,bk)) = Ok, and the 

left-hand side in (|2.8p divides {bk/at, bj/{{bj, bk)ak)) = Ok- 

Now assume that (|2.2[) holds, with given nonzero ideals a^, ajk, aik satisfying the 
coprimality conditions (j2.3p - (I2.1ip . These conditions imply that {bj, bk) — akaik, 
and furthermore {bj/{akaik),bk) — ak- Thus, the OkAik are as in (|2.12p . Clearly, 
this holds as well for the o^fc, and uniqueness is proved. 

The last assertion is again a direct consequence of (j2.3p - (j2.1ip . □ 



1 21 12 2 

I I 

31 13 3 23 32 

Figure 1. The graph G = {V,E). 

The coprimality conditions (j2.3p - (j2.11l) can be expressed in a more convenient 
way: Let G = {V, E) be the graph with vertex set V := {1, 2, 3, 12, 21, 23, 32, 31, 13} 
and edge set 

E {{k,jk},{k,lk},{kl,lk} I G A}. 

Then (|2.3p - (j2.1ip hold if and only if (oi,, a^) = Ok for all pairs {v, w) of nonad- 
jacent vertices of V. If we denote the edge set of the complement graph by E' , this 
means that 

(2.13) for any {v, w} £ E' , we have (o„, a„) — Ok- 

For every point (0:23 : 2:31 : 2:12) G V{K), the ideal class [5(2^23, 2:31, 2:12)] is well 
defined, and [5(2:23, 2:31, a;i2)] = [C], for some C € C. By multiplying with a suitable 
element of , we can choose a representative x = (^23, a;3i, 2:12) G {Ok \ {0})^ 
with 0^(x) = C. This representative is unique up to scalar multiplication by units 

We apply Lemma l2.1l to the principal ideals bj := XjkOK and obtain 
XjkOK = C - ttjk ■ Qfe ■ aik ■ aj - akj, 

with unique ideals of Ok satisfying (j2.13l) . For all v G y\{12,23,31}, there is a 
unique £ C with [o„] = [C~^]. Choose G with UvOk — ciuCt,, and define 
Z/12, 2/23, 2/31 e by the equations 

(2.14) Xjk = Vjk ■ yl ■ yik ■ Vj ■ Vkj- 
Then 

y.kOK = a,kC,k, with C,k CC^'C^^'Cr^C^^' . 

For C = (C,Ci,C2,C3,C2i,C32,Ci3) G we define Mc as the set of all 
y = {yv)vev G (K^)^ such that 

(2.15) yv G Cv for all v £V, and the ideals :— yvG^^ satisfy (|2.13p . 
By what we have shown above, relations (j2.14p define a surjective mapping 

If y G Afc and 0(y) — (2^23 '- 2:31 '- 2^12) with Xjk as in (j2.14l) then 
XjkOK = C - ttjk ■ Qfe • aik ■ aj - ak'j- 

By Lemma [^TTl we have 5(2:23, 2:31, 2:12) = C, and the (and thus as well the C^) 
are uniquely determined by the XjkOK- In particular, the sets Mc, C G C^, are 
pairwise disjoint. Moreover, (2:23, 2:31, X12) and the y^-, v £V, are determined by 
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(f'i'y) up to multiplication by units. Therefore, '/>(y) — 0(z) if and only if there are 
units C, (v e with 

Zv = CvUv for all u G F and QkClCikQCkj = C for aU (j, fc, I) G A. 

By eliminating the (j^, we see that (/'(y) = 0(z) if and only if y and z are in the 
same orbit of the action of (O^)^ on (K^)^ given by 

(2.16) (C,Cl,C2,C3,C21,C32,Cl3)0(2;.). := {Zv)v, 

where := (yij^ for all w G \ {12, 23, 31} and zjk := CC^C/"fc^Cj~^C/2/jfe- 

In what follows, it will be more convenient to work with the free Abelian subgroup 
of generated by our fixed system of fundamental units. Clearly, {O^Y is the 

internal direct sum {O^y — • J-"^. Since the action of (O^)^ on (K^)^ is free, 

every orbit of (K^)^ under the action of {O^Y is the union of = uj]^ orbits 

under the action of J-'^. 

Let 7?, be a system of representatives for the orbits of (K^)'^ under the action of 

J-"^. Then induces an w^^-to-l map 

U {Mcnn)^v{K). 

The benefits of our construction become apparent in the height condition. With 
X = (a;23,a;3i,a;i2) as in (12. Up. we have -0o(x) = ylylyly2iyz2yi3 ■ V'(y), where 

V'(y) = (V'(y)o, V'(y)i,V'(y)2,V'(y)3) 

with 

V'(y)o := n y-" ^^'^ yhikViiyhyfj, for i < j < 3. 

vev 

Therefore, 

r+s 

0<j<3 

i—1 

A straightforward computation using t/y = ayCy and (|2.13p shows that 

By our construction, tl^iy) satisfies the equation ipiy)o = V'(y)iV'(y)2V'(y)3- Since 
this holds as well for all conjugates, the maximum is always one of |i/'(y)^*^|, 
my)^^l my)^^\- We define 



r+s 



(2.17) 




The results of this section can be summarized as follows. 

Proposition 2.2. Let Mc be as in (|2.15p . let TZ be any system of representatives 
for the orbits of (K^Y under the action of T'' given by (|2.16p . and let 'R-{B) be 
as in (ETID. Then Mc n 7^(S) is finite for all S > 0, C G , and 

N{B) ^\Y1 \McC^n{ucB)\, 
^ ceC 

where 
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2.2. A system of representatives for the orbits. We construct a system TZ of 
representatives for the orbits of {K^)^ under tlie action of F'^ given by (j2.16p . 

Lemma 2.3. Let ai, a2, 0:3 £ and consider the system of equations 

(2.18) CC'C7' = aj, for U, k) e {(1, 2), (2, 3), (3, 1)}, 
with variables Q G J- . 

(i) //aiQ!2a3 is not a cube in T then this system has no solutions, 
(ii) If aia2a3 — ^"^ with £, (z T then the solutions are given by 

Ci= S (3 = ^£,(^2^ 

for all 5 £ J-. 
Proof. Equations (j2.18l) imply that 

(2.19) C^C7' = «j«fc'af = aia2a3afaf, 
which proves (i). 

Now assume that aia2Ct3 = ^"^ for some ^ e J^. Then ^ is unique since T is free 
Abelian. Direct computations verify that the values given in (ii) are solutions. 

Given any solution (C,Ci,C2,C3) of fTTS)) . let (5 := Ci- Then ((2l9)) with j = 1 
shows that ( has the desired form. Similar computations using (j2.19p with j — 2 
and j — 3 prove that (^2 and ^3 are as desired. □ 

Let H be the subgroup of (K^)^ of all a — (ai2, 0^21, a23, a32, ^31, 013) G J-^ for 
which ai2a2iC(23Ct32'^3i'^i3 ^ cube in T. 

Lemma 2.4. LetTZi C (^K^)^ be a system of representatives for the orbits of{K^)^ 
under the action of J- by scalar multiplication, and let TZ2 ^ {K^)^ be a system of 
representatives for {K^)^/H. Then TZ :— TZi x TZ2 is a system of representatives 
for the orbits of (K^)^ under the action of J-'^ . 

Proof. Let y = {yv)vev G {K'^)^. Then there is a unique aGH such that 

(ai22;i2,a2iy2i,a23y23,a322/32,a3iy3i,ai3yi3) € TZ2. 
The elements C = (C, (1,(2,(3, (21,(32, (13) e J"^ with 

(0y e (X^)3 x7^2 

are those satisfying 

(2.20) (,, = ak, and CCk^Q'Ci'Q' - 
With aj := ajkakjaik, this simplifies to (|2.18p . Now 

aia2a3 = ai2a2ia23a32a3iai3 

is a cube in J-, so (, (1, (2, (3 are of the form given in Lemma 12.31 (ii), for 
5 £ F. There is exactly one 5 £ T such that the corresponding Qi, C2, (3 satisfy 
(dyi, (22/2, (32/3) G TZi. Hence, there is exactly one ( G J"'' with QQy ^TZ. □ 

Lemma 2.5. Let R C be a system of representatives for / J- , and let 
Rjr C T be a system of representatives for J- /{^^ \ £, G J-}. Then 

7^2 := [J {pRx Rx Rx Rx Rx R) 
is a system of representatives for {K^)^/H. 
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Proof. Clearly, UpeTC^ ^ system of representatives for /{^'^ \ e J^}. Let 

y G (K^)^. For all v S {21, 23, 32, 31, 13}, there is exactly one ^ T with a^y^ G 
R. Moreover, there is exactly one S, £ such that yi2(a2iQ^23a32«3i«i3)^^^"^ G 
Upe7?.jr P-^- Hence, there is exactly one ai2 :— (a2iQ^23a32Q^3iQ^i3)~^C^ S J'l such 
that a = (ai2,Q!2i,a23,a32,a3i,ai3) € -ff and ay € TZ2- □ 

We choose the system TZ = TZi x TZ2 as in Lemma [2.41 where TZi is any system 
of representatives for the diagonal action of on {K^ }^, and Tl2 is as in Lemma 
[231 



3. Proof of Theorem 1 

This section is a generalization of [161 Section 5] . We reduce Theorem [1] to a 
central lemma (Lemma 13.11) , whose proof will take up the rest of the article. We 
assume that K is of degree d> 2. Over Q, one would need to replace Lemma [5?^ by 
a slightly more intricate argument to make the sum over the error terms converge, 
for which we refer to [TO] . 

3.1. Mobius inversions. Let C = (C, Ci, C2, C3, 6*21,(732, C13) € be fixed. We 
investigate the quantity \Mc H TZ{ucB)\ from Proposition 12.21 We can write 

|Mcn7^(ucS)| = J2 1- 

ygK( Mc-B) 
12.151 holds 



Mobius inversion for all the coprimality conditions in (|2.13p yields 
(3.1) |Mcn7^(uci?)|= J2 n/^(^-) E 

{0}#0e<OK' Ve={v.w}eE': y^ei>^C\., y„GOeC^ 



where is the Mobius function for nonzero ideals of Ok ■ Lemma 13.11 will imply 
that the last sum is always finite and different from zero for at most finitely many 
(S>e)eeE'- With ay := ClveeeE'^eCy, we obtain 

(3.2) E 1= E 1- 

We estimate this sum by the following lemma. Its proof is central to this article 
and will be given in Section [5] 

Lemma 3.1. For every v €V, let o„ be a fractional ideal of K with *Tta^ > c, for 
some constant c > depending only on K. With TZ{B) as in (|2.17|) . we have 

^ ( max, {Ola,}!/'' ^..^ 

for B > e. The implicit O -constant depends on K . 

For any (i)e)eeE' and u G 1^, we define r^ := 9t(n.t,eee£;'''e), 

(3.3) -Ri := Jl r„, and i?2 := max{rj}"i/'' J| J]^ 
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We notice that = 9T(nt,geG£;'5eC''u) — ^{Cv)ry. Reeall that we defined Cjk 

fr^^ „L ^ no OQ Qll o„ 

■'k ^ik ^kj 



CCfCi-^'Cr'C^l^ for ]k e {12,23,31}, so 



Since the C, Cj, Ckj are members of the fixed finite set C, their absolute norms are 
bounded from below and above by positive constants depending only on K. With 
this and Lemma 13.11 we obtain 

Whenever B > e/uc- Otherwise, the error term dominates the main term. Let 
(3.4) cj:^ n'^(^-)^r'' P--^ E n l'^(^<=)l^2"'- 

{0}^0, <Ok {0}^t),<OK 



We will see in Lemma 13.21 that these sums converge under our assumption that 
d>2. Now (132]) yield 

|^fc^7^(ucB)| = ^^^^j R],u:B{\ogBr 
+ 0{pB{\ogBf). 

3.2. Computation of the constant. We notice that the above expression for 
|Mc n TZ{ucB)\ does not depend on C S C''. Therefore, Proposition 12.21 implies 

Theorem [1] is an immediate consequence of the following lemma. 

Lemma 3.2. Let u>, p he as in p.4p . with Ri, R2 as in (|3.3p . If d > 2 then both 
sums converge, and 

where the product runs over all prime ideals p of Ok ■ 

Proof. The proof is a straightforward generalization of the one in [16l Section 5] . 
An obvious modification of the argument given there shows that the Euler factor 
of p corresponding to a prime ideal p of Ok is 1 + 0(fyip^(6''^5)/('^'*)), so the sum 
defining p is convergent whenever d > 2. Since uj < p, the sum defining lo converges 
as well. 

Let A{x) be the polynomial defined in [Tni Section 5], and the Euler factor 
of UJ corresponding to p. Then we have Ap — ^(DTp^^), and (|3.5p follows from the 
investigation of A{x) in [TBI Section 5]. □ 



This completes our proof of Theorem (TJ up to proving Lemma 13.11 
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4. Auxiliary results 

Let n, M be positive integers and L > 0. By Lip{n, M, L), we denote the set of 
all subsets B of M" for which there exist M maps $ : [0, 1]"^^ — > R" satisfying a 
Lipschitz condition 

|$(t;) - <i>(w)| < L\v - w\ , 

such that B is covered by the union of the images of the maps $. Here, | • | is the 
usual Euclidean norm. (The subsets in Lip(l, M,I/) are just those with at most 
M elements.) We will use the following lemma to bound the error terms when 
estimating a sum by an integral. Part (i) generalizes an argument used in [3D1 
Chapter VI, Theorem 2]. 

Lemma 4.1. Let D, B C R" be bounded subsets with B G Lip(n,M, L). 
(i) Let AC W be a lattice. Then 

\{XeA\{X + D)nB^ 0}| <A,z5 M{L + 

(ii) If D, B are compact then {x G R" | (x + D) (1 B =/= ib} is measurable and 

Vol{x e M" I (a; + L>) n 6 7^ 0} <i5 M{L + 

Proof. For x £ M", we have {x + D) n B ^ $ ii and only ii x e B - D. li B and 
D are compact, the set B — D is compact as well. This proves measurability of the 
set in (ii). 

Let $ : [0, 1]"^^ -> R" be one of the M maps with Lipschitz constant L whose 
images cover B. We split up [0, into L"~^ subcubes of side length 1/Li, where 
Li := [LJ + 1. Let C be one of those subcubes. Then $(C) has diameter at most 
y/n — IL/Li < \/n — 1, so it is contained in a closed ball B^i^^/n — 1) of radius 
2y/n — 1 centered at some point z G R". 

Since D is bounded, it is contained in a closed zero-centered ball Bo{Rd) of 
some radius Rd- Every point x G K" with (x + D) n ^{C) ^ satisfies x G 

The number of lattice points in such a ball is finite and can be bounded inde- 
pendently from z. Therefore, 

(4.1) \{XeA\{X + D)n ^ 0}| «A,D 1. 
Moreover 

(4.2) Vol{x G R" I (x + D) n $(C) 7^ 0} < Vol B^{2V^^^~T + Rd) <_d 1- 
Summing (|4.ip and (|4.2p over all C and <& yields (i) and fii/ □ 

4.1. Counting lattice points. We will need to count lattice points in certain 
bounded subsets of R" for lattices A C M" of the form 

A = Ai X • • ■ X Ar, 

where each A; is a lattice in R"' and ni + ■ ■ ■ + Ur = n. Then we have det(A) = 
det(Ai) • • • det(A,.), and the successive minima (with respect to the unit ball) of 
A are just the successive minima of Ai, . . ., A^. Several authors (e.g. [TSl 
provide counting results where the first successive minimum is reflected in the error 
term, by making an argument from |20l Chapter VI, Theorem 2] explicit. For our 
application, we need the error term to reflect information about all the lattices A^, 
which is accomplished with the help of a theorem by Widmer. 

Theorem 4.2. [2^ Theorem 5.4] Let A be a lattice in R" with successive minima 
(with respect to the unit ball) Xi, A„. Let B be a bounded set in R" with 
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boundary dB G Lip(n, Af, L). Then B is measurable, and moreover 



|Sn A| - 



Vols 



dct A 



< co(n)M max 



0<fe<n Ai • • • Afc 

For k — 0, the expression in the maximum is to be understood as 1. Furthermore, 
one can choose Co{n) — n^" 

Let Ail ^ • • • ^ Ai„; be the successive minima of A.^, and assume that the A^ are 
ordered in such a way that Aii<A2i---<Ari holds. 

Corollary 4.3. Let A and Ai be as above, and let B C M" be a bounded set with 
boundary dB G Lip(n, AI, L). Then B is measurable and 

r — l / ^ X rii / r \ n,. — 1 



|Sn A| 



Vols 



det A 



Ail 



L 



Arl 



Proof. We use Theorem l4.2l Let Ai < • • • < A„ be the successive minima of A, that 
is, the Aij in correct order. Clearly, 

n~l 



max 



< 



n 



L 



0<k<n Ai • • • Afe V A., 

where io is chosen such that Ai^n^^ 



i=l 



L 
Ail 



1 



L 
Ajoi 



1 



A„. The last expression is at most 

--1 



n(^-) 



L 



Arl 



1 



□ 



Lemma 4.4. Let A and Ai be as above, and let B C R" be contained in a zero- 
centered ball of radius R. Assume, moreover, that dB € Lip(n,M, L), and that the 
following property holds for all x G S; 

(4.3) // we write x = (xi, . . . , Xj.) with Xi G R"' then Xi 7^ for all i. 

Then B is measurable and, for all T > 0, we have 



iTSn A| 



T" Vols 



det A 



T 
Ail 



T 

Arl 



Proof. By Thcorcm l4.21 B is measurable. We start with the case where TR < Ari- 
Suppose that a = (ai,...,ar) G TS n A. Then ar 7^ by (|43)) . Therefore, 
|a| > |ar| > Arl > TR, so a ^ TB, a contradiction. Hence, \TBn A| 0. Denote 
by Vi the volume of a ball of radius 1 in M". Then VolS < i?"Vi. We denote the 
successive minima of A again by Ai, . . ., A„. By Minkowski's second theorem we 
have 



T"VolS ^ ViT^{RTy 



r-l 



det A 



< 



Ail 



T 



Arl 



Now assume TR > Ari- Clearly, Vol(TS) = T" VolS and d{TB) G Up{n,M,TL). 
To finish the proof, we use Corollary 14.31 and observe that 



Ail 



TL 



Arl 



ri,, — 1 r — 1 



< 



n 



fT{L + R)Y' (T{L + R) 



Arl 



4=1 



T 



Arl 



□ 
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4.2. The basic sets. Here, we describe the sets B to which Lemma [4.41 will be 
applied. These sets have been introduced by Schanuel [3S] and in a more general 
context by Masser and Vaaler [22] . Our notation is similar to the one in (22] . When 
talking about lattices, volumes, etc., we identify C with R^. 

Let S be the hyperplane in R''+* where xi + ■ ■ ■ + Xr+s = 0. It is well known 
that the map I : K"" ^ defined by l{a) = (di log ja^^) |, . . . , 4+^ log |a(''+") |) 

induces a group homomorphism of onto a lattice in E, with kernel fj,K- In 
particular, I induces a group isomorphism from J" to l{0^). Let F be a fundamental 
parallelotope for this lattice, and let 6 :— {di, . . . , dr+s) G M''+''. We define the 
vector sums 

F{oo) F + RS , and F(T) := F + {-oo, log T]6 , for T > 0. 

Then F{oo) is a system of representatives for the orbits of the additive action of 
= l{0^) on Let S'^(T) be the set of all 

(Zl,l, . . . , Zi,„, . . . , Zr+s,l, . . . , Zr+s,n) G (M" \ {0})'^ X (C" \ {0})^ 

such that 

Since F C S and di + 

r+s 

{d, log max {\z,,,\}r+^ e F(oo) and [] {^^,.1}'' < 

l<j<n l<j<n 

i—1 

The set Sp{oo) is defined similarly. Here are some basic properties of Sp{T): 

(i) Sp{T) — TSp{l) is homogeneously expanding. 

(ii) 5'^(1) is bounded. 

(iii) 95*^.(1) e Lip{nd, Mn, Ln) for some Af„, L„. 

(iv) is measurable and ¥015*^(1) = n'?2"''7r""i?K. 

Properties (i), (ii) follow directly from the definition, and (iii), (iv) are immediate 
consequences of [22j Lemma 3, Lemma 4]. Strictly speaking, the case n = 1 is not 
covered by [2^, but the proofs remain correct without change. We need a slightly 
modified version: Define 

(4.4) 5]^*(T) := S'^(T) n ((R^)"'^ x (C^)"*). 

Then (i) - (iv) hold as well for 5'^*(T). This is clear for (i), (ii), (iv). For (iii), let 
X := (E"'^ X C"") \ ((R^)"'' X (C^)"^). Then aS'^*(l) C ^^^(l) U (Sf(l)nX). 
Since Sp{l) is bounded and X is a union of finitely many proper subspaces, we 
have ("^^^^(l) n X) e Lip{nd, M^^,L'^), for suitably chosen M^, ij^, so 

dS'^*{l) e Lip(nd, M„ + M;, max{L„, L^}). 

5. Proof of Lemma 3.1 

Whenever we use Vinogradov's ^ notation, the implicit constant may depend 
on K. Let us start by summing over j/i, y2, 2/3, for fixed yjk, Ukj- Write 

V' y\ {1,2,3} = {12,21,23,32,31,13}. 

For any choice of y^, v € V' , we define :— yjkyjiykjVfj- The height condition in 
(PT7)) implies that 

r+s 

\N{y,fNi^,)\ = l[\a,iy^^,)\''^ <B. 

i=l 



(djog max{|^,,,|})[+^eF(T). 

l<_7<n 

• • • + dr^s = this is equivalent to 
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For y.j e Oj, we obtain \N{ij)\ < B\N{yj)\~^ < BmaJ"^. By our choice of 7^ in 
we can write the sum in Lemma |3. II as 

(5-1) E 1= E E 1- 

yGn{B) (y„)„ev"6^2 iyi,V2,y3)eTZi 



5.1. The first summation. Here, we handle the inner sum in (|5.ip . The necessary 
tool is provided in Lemma [ 



Lemma 5.1. Let a be a fractional ideal of K , and let t he the linear automorphism 
of W X C*' (regarded as W^) given by t(zi, . . . , z^+s) = {tiZi, . . . ,tr+sZr+s), with 
ti, . . ., tr+s > 0. Let (7 : if — !■ M'' X he the standard embedding. Then t o a{a) 
is a lattice in W x C of determinant 



dct(T o a{a)) =tf'--- tt+V ■ ■ naj) ■ VWk\ 
and first successive minimum A > {tf^ ■ ■ ■ tf'^J' ■ ^aY^'^ . 

Proof. For d — 1, the lemma is trivial, so we assume d > 2. Classically, cr(a) is a 
lattice in x of determinant 2~'"Jl{aj ) -y/IA^. Since r is a linear automorphism 

of determinant tf^--- 1"^'^^' , it follows immediately that t o a{a) is a lattice with the 
correct determinant. 

For A, we slightly generalize the argument in [2H Lemma 5] (see also [IHl Lemma 
9.7]). There is an a G a with A — \Toa{a)\. By the inequality of weighted arithmetic 
and geometric means, we have 

2 

A^ =g|t,aWp > igd.|t,aWp > ^ fniW'Y') ' > itt^---t%V\Nia)\)i. 

i=l i=l \i=l / 

The lemma follows upon noticing that |Af(a)| > 9To. □ 
Lemma 5.2. Given constants Cij > 0, for i e {1, . . . , r + s} and j € {1, 2, 3}, let 

'^j ■— '^Ij ' ' ' ^r+s,j ■ 

Let ai, a2, 03 {0} be fractional ideals of K, and TZi a system of representatives 
for the orbits of (K^)^ under the action of T by scalar multiplication. Define 

Mi(T) (ai x 02 x ag) n {(2/1,^2,^3) e 7^l | TT max {a,\yf\Y^ < T^}. 

Then Mi{T) is finite and 

for all T > 0. The implicit O-constant depends only on K . 

Proof. We notice that |Mi(T)| does not depend on the choice of 7?.i, since both 
ai X a2 X as and the height condition are invariant under scalar multiplication of 
(yij2/2,2/3) by units. Hence, it is enough to prove the lemma with a specific choice 
of TZi, which we construct below. 

Let a : ^ 9?^ x C^^ be the embedding given by a{y) = {ci{y))'[ti- Fo'^ 
j e {1, . . . , r + s}, let be the linear automorphism of (if i < r) or C'^ (if i > r) 
given by M^uZz, ^3) = (C^i^i, C,2^2, ^3-^3), and let (/) : M^r ^ C^'' ^ R^^' x C^" be 
the automorphism obtained by applying the (j^i component- wise. 

With Sp{T) as in (gH), we define Hi as the set of all y e (K'^f such that 
f/"" "■(y) G Sp{oo). Then TZi is a system of representatives for the orbits of (K^)^ 



14 



CHRISTOPHER FREI 



under the action of T by scalar multiplication. Indeed, for any y G [K'^^^ and 
C G we have 

(daog max {|C.,a.(C%)|})[+r = (d. log max + Z(C), 

and F{(x>) is a system of representatives for the orbits of the additive action of KT) 
on 

Let A := 0o cr(ai x 02 x 03). Then A is a lattice in R'^'' x C'^*, and 0o cr induces 
a one-to-one correspondence between Afi(r) and An Sp{T). Therefore, 

(5.2) |Mi(T)| = |An5|,*(r)|. 

Since Sp{T) is bounded, Mi{T) is finite. To simplify the notation, we change the 
order of coordinates by 

(^11 ) h-> {zn,...,z r+s,l, • ■ • , Zi3, . . . , Zr+s,3)- 

This way, R^*" x C^"* becomes (R** x C)^, and A becomes 

A = Ti o a{ai) X T2 o ct(o2) x ts o ^(as), 
where cr : iiT R'' x is the standard embedding given by a{y) = {o'i{y))i^i and 

Tj{zi, . . . , Zr+s) '■— {CljZi, . . . , Cr+sj'^r+s)- 

Each Aj := o (T(aj) is a lattice in R'' x C = R''. Let \j be the first successive 
minimum of A j . By Lemma 15.11 we have 



det A = det Ai • det A2 • det A3 = 2-^''[.J\K^\fCiC2Cs.'yiai'^a2'^a3 

and 

The lemma now follows from (15. 2p , Lemma 14.41 and the facts from 14.21 □ 
The inner sum in (|5.ip is exactly |Afi(r)| in Lemma [5^ with 

C^r■=\^^m"^ Cr-=\N{i,)\''' ,and T:^B''^^''\ 
Observe that C1C2C3 = liVl^i^^)!'/' = U^ev \N{Vv)\. We define 

(5.3) >,,«>.,.,:= E n.^v.^fa.)! -"^ 

(.,4, E ■"'•"'i"«''i>"'"' 



Then (|5.ip and Lemma [5.21 implv 



y 1= , — M{B,{a^)^) 



(5.5) y..eti„ 

ii/d 



Recall that the Vla^ are bounded from below by a positive constant c depending 
only on K. This implies, for example, 

(5.6) 9T(a,,a,.a^^.af,.)^/'''^ « 11 ^^'^^''^ 
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and 

(5.7) m{a^ajkajialjal)-^ < C2, 

for some constant C2 > 1 depending only on K . 

5.2. The error term. With Tl2 as in Lemma [2.51 the term TZ{B, {ay)y) has the 
form 

nsAavM- 2^ 2^ — Ff — . , ■ 

yi2ep-Rnai2 

Vj : \N{ii)\<B<na-'' 

Both R and pR are systems of representatives for /T, so they contain exactly 
ujk generators for every nonzero principal fractional ideal of K. Let Hy be the 
principal fractional ideal Hy = yyOx- The norm condition and the summand in 
the inner sum depend only on {Hy)y^v'- Therefore, the sum does not depend on 
p. Since \TZjr\ = 3' <C 1, we obtain 



{0}^H^ePK,vev' Uyev'^iHv) 
We replace Hy by Hya^^ < Ok and use (|5.6p . (|5.7p to bound this sum by 
n ^(a.)i-2/(3<i) 2^ n.pv'^l^^) 

Vj: miH,^H,iHl^Hf^)<C2B 

Let us denote the above sum by TZi{B, {ay)y). What follows is a rather straight- 
forward generalization of arguments used by Heath-Brown and Moroz [19 and 
Derenthal and Janda '16] . By symmetry, we may assume that the maximum in the 
summand is taken for j — 1. This allows us to bound TZi{B, {ay)y) by 

^ ^(i^l2i^l3)l-l/(3'^)0T(i^2li^3l)l-2/(3'*)0T(i^23i^32) 

Vj: <n{HjkH,iHl.Hl)<c-2B 

VtHij<C2B <nu<u 
where u C2B'^{H2iH^i)~^ and d is the divisor function for nonzero ideals. 
Lemma 5.3. For T > 1, we have 



<na<T 



T"+i, j/ - 1 < a < 

max{ 1 , log T} , if a = —1. 



Proof. This is a straightforward generalization of [121 Lemma 4] . The proof uses 
Abel's summation formula and the well known fact that 

|{{0}^a<OA-|91a<r}|«T. 

□ 
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In the following computation, the sums run over nonzero ideals of Ok- Using 
Lemma 15.31 we obtain 

V- d{U) ^ ^ mf/-l+l/(3d) 

<yiu<u mu<uv\u 

= ^ frt]/-l + l/(3d) ^ g^f/-l+l/(3d) 

<nv<u <nu<u/viv 

« ^ W-l + l/(3d)(y/gty)l/(3d) «;^l/(3d)iog5_ 

mv<c2B 

Therefore, 

RUB. (..).) logs i: 

<nH,j<C2B 

< Bi/(3'i)(logB)^ 

Having estimated TZi{B, (a^)„) and thus TZ{B, (at,)„), we obtain from (|5.5p : 
> 1 = — , — M(B,(ay)y) 



(5.8) 



3 



5.3. The main term. Just as before, we have 



l-2/(3d) - 



Vi : \N(i,)\<Bma-'- 



For all V £ V , let by G C with [by] = [a„], and ty £ with tyUy — by. Moreover, 
we define bj := ^{ajajkajial^af^)~^^{bjkbjibljbfj). Then ((5?71) implies that 

(5.9) &j < C3, for all j e {1,2,3}, 

with a constant C3 > 1 depending only on K. We replace by tyi/y and obtain 

1 



Mi?,(a..)..)=(n^) E E 



Vj : |Wfe)l<''.-B 

Again, the inner sum does not depend on the sets of representatives tyR^ typR for 
ifx/J-. Thus, 



(5.10) 



Mi^,(a.).)^3^(nl^) E YiyJmy.)y 



Vj : \N(^,)\<b,B 



where R is any system of representatives for K'^ /F. Let a : K ^ W y. he the 
standard embedding, and let Sp{T) be defined as in 14.21 We choose R to be the 
set of all y e with a{y) S S'^(oo). This is indeed a set of representatives for 
K'^ /F: For any y € iiT^ , C G we have 

{ddog\adC,ym=i^{d^\og\aM\)\ll + m. 



RATIONAL POINTS OVER NUMBER FIELDS ON A SINGULAR CUBIC SURFACE 17 



and F{oo) is a system of representatives for the orbits of the additive action of 1{J^) 
on ]R'"+''. We will first consider the sum 



Vj : \N(£,,)\<B 

For any z e K'' x C", let iV(z) \zi\'^^ ■ ■ ■ \zr+s\'^-'+' ■ We define M{B) as the set 
of all {z.v)vev' G (K'' x C'')^ such that 

for all ti e y', we have z„ S 6*^(00) and N{zy) > 1, 

and 

for aU j, we have N{z,k)N{zji)N{zkjfN{zijf < B. 
Then M{B) is bounded for ah B. Let A be the lattice in (R"^ x C^)^ defined by 

By the component- wise extension of a to , we obtain 

1 



(5.11) Mi{B,{b,\)= Yl 

(z„)i,eAnM(B) 



We identify C with and estimate this sum by an integral. Let 



\/|Ak| j riuey ^^-^ J M(B) ^^y, 

N{z 



Lemma 5.4. We have 

(z„)„eAnA/(B) ll^ev'^nzw 
/or B > e. The implicit O -constant depends on K . 

Proof. This is a generalization of |16l Lemma 5]. Let us fix some notation. For 
V € y , let Fy be a fundamental parallelotope for the lattice (j{bv) C x = R'', 
and let Ry be the minimal d-dimensional interval containing F^. We denote the 
side lengths of by . . ., ly^d- For any z = (zi, . . . , z^) G R'' satisfying 

(5.12) \z,\ > 1 + ly^, for alH e {1, . . . , d}, 

let i?^ (z) be the (unique) translate of Ry such that z is the corner of Ry (z) at utmost 
distance from the origin, and let Fy{z) be the (unique) translate of Fy contained in 
Ry{z). Similarly, for any z with 

(5.13) |z,| > 1 for alH e {l,...,d}, 

let R'y{z) be the (unique) translate of Ry such that z is the corner of R'y{z) closest 
to the origin, and let F^(z) be the (unique) translate of Fy contained in R'y{z). 
Consistently with the above definition of A^(z) for z e R'' x C^, we let 

A^(z) := |zi • • • z,(z,\i + zl+^) ■ ■ ■ {zl_^ +zl)\. 

Since A^(z) > A^(y) for aU y e Fy{z), we have 

1 I f dy 2' f dy 

(5.14) — - < ' I y 



Niz) - VolF,(z) Niy) /^OTb„ Jf^.) N{y) ' 

Similarly, 

1 1 f dy 2' f dy 

(5.15) — - > ' I ^ 



Niz) - VolF^(z) N{y) ^^A^m„ 7f^(z) ^(y) ' 
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Clearly, if z 7^ z' e a{by) with (|5.12p then Fy{z) n Fy{z') = 0. Let us first prove 
that 

(5-16) Tt WT<^(^) + 0((logi?f). 

(z„)„eAnM(S) 

To this end, we define 



E{B) := {(z„)„ e M{B) \ all z^, satisfy (jSl^ and ^;(z^,) C S'j.(oo)}, 

andG(B) := M{B)\E{B). Keep in mind that £'(B) and G{B) depend on (bi,)i,6V' 
For any {zy)y e A n E{B), we have Hi, -Fl,(zt,) C M{B). Therefore, 

dy 



E 



< 



1 



We need to prove that 



(5.17) 



E 



0((logS) 



For every (zi,)i, e A n G{B), there is at least one w E V' such that either 

(5.f8) z^ does not satisfy (|5.12p 

or 

(5.19) satisfies (jgl^ and -F^(z^) ^ 5']^(oo). 

Therefore, we have 

1 -sr^ -sr^ 1 



E 



(5.20) 



<E E 



N{ z^) <B 
5A8i or ISTTSt 



Now 
(5.21) 



E 



E 



n E 7v(z) 

w^-i" ze(T(fa„)nSj^(oo) 

7V(z)<B 



V 



E 



zeCT(fa„)nSp(oo) 

/ N{ z)<B 

tSTTSl or l5lM for z 



7V(z)- 



1 



Niz) 

zG<T(b„)nS]p(oo) 
Ar(z)<_B 



mH<B 



by Lemma 15.31 Moreover, we write 
(5.22) 



E Ar(z)-E°"-„' 
zeo-(b„)ns],(oo) "=i 

N{ z)<B 

5TT8I or 1I5TT9I for z 



with a„ := |{z e cr(b^)nS'],((X)) | 7V(z) = n, ((5TB or ((5l9| holds for z}|. We will 
apply the Abel sum formula, so we need to understand 

A{T) ^ a„ = |{z e a(b^) n S],{T^^'^) \ H^Jm or (O^ holds for z}|. 
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Let 

(5.23) ~ {z e M'' I ^1 • • • Zrf = 0}, 
and let be the c?-dimensional interval 

(5.24) [-(?„,! + 1), L^i + 1] X • • • X [-{^a + 1), L,d + 1] C R''. 

Then any z counted by A{T) satisfies {z + D^)r\H ^ (if ^JS^ holds) or z + D^% 
SliT^I'^) (if ([51^ holds). Therefore, any such z is contained in Ai{T) U A2{T), 
where 

Ai(T) : - {z e a(b^) I (z + 1?^) n a^i,(ri/'^) ^ 0} 

D {z e a(b^) n S^T^/^) I (z + i?^) % sUt^'^)}, 

and 

^2(T) : = {z e a(b„) I (z + i^„) n {sUt^'") n h) ^ 0} 

D {z e a(b„) n SliT^''') I (z + D^) c ^^^(ti/'^), (z,„ + /?„) n ^ 0}. 

Now dS],{T^''^) = T^''^dS],{l) e Up{d, Mi,T^^'^Li). We recall that b,„ e C, so 
Lemma l4. 11 (i), implies that 

\Ai{T)\ < Mi{LiT^/'^ + if-^ < 2^(d-i)/<i^ foj. all T > 1. 

Moreover, S\.{T^I'^)r]H = ri/'^(S'],(l)ni/), and clearly S'],(l)nir G Lip(d, Mi, Zi) 
for some Mi and Li. By Lemma HTTl (^ij, 

|v42(T)| < MiiLiT^/"^ + if-^ < for aU T > 1. 

Therefore, ^(T) < T'-'^-i)/d^ foj. t > 1. The Abel sum formula yields 

Y cLn--^A{B)/B+ A{t)iedt^B-^''^ + t-(i+i/'*'dt < 1. 
^1 Jt=i Jt=i 

With ([OO)) . ((OT|) . (jO^ . we see that (jCTT)) holds, which finishes the proof of 
(|5.16p . Let us prove the other inequality, that is 

(5.25) /(B) < n Mz 

For every v &V' and every z e K'' satisfying (I5.12p . there is a unique At,(z) € (T(bi,) 
with (|5.13p such that z € F^(At,(z)). In a similar way as above, we define 

E'{B) := {(z„)„ e M(B) | all z„ satisfy (lET^ and A„(z„) e S'].(oo)}, 

and G"(B) := M{B) \ E'{B). Both /;'(B) and G'{B) are clearly measurable. For 
any (z„)„ in E'{B), the point (A„(zt,))t, is the unique element of A n M{B) with 
Zi, S F^(At,(zi,)) for all u e F'. With this and (j5.15p . we obtain 

n 9tb 7 Al^iz^) - 2^ n, 7 iv(z) 

^e^' AnAf(s) ^"^^-^ 

^'■''^ - 5: n 'iv(A) - 

(A„)„eAnAf(B) ll^GV^n^W 

We need to prove that 
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For every {zy)y G G'{B), there is some w G V such that either 

(5.28) z„ does not satisfy (|5.12p 
or 

(5.29) satisfies (|5.12p and Au,(zu,) ^ ^^(oo). 
Similarly to K20\i . we obtain 



(5.30) 



n 



dzv 



n 



V 



zesj,(oo) 

l<JV(z)<_B 



dz 

N(z) 



J 



zeSp{oo) 

l<jV (z)<B 

5T281 or for z 



dz 

7V(^ 



We denote the Lebesgue measure on R, R'' by mi, md- The restriction of N to 
Sp{oo) defines a measurable function A^i : Sp{oo) — M. Since 

{ma o A^r^)((«. ^]) = VolS'].(6i/'*) - Vol 5].(ai/'') = (6 - a) VolS'j.(l), 
for ah < a < 5 e M, we obtain o iVj^^ = Vol5'),(l)mi on M>o. Therefore, 



(5.31) 



zGSp(oo) 
l<Ar(z)<B 



dz 

N{z) 



Let A{T) := {z e S},{oo) \ 1 < iV(z) < T, ([Qg)) or holds for z}. Then 

A(r) is measurable for all T and the restriction of N to A{B) defines a mea- 
surable function N2 : ^(S) — > [l,^]- For any E C [1,5] with mi(E) = 0, we 
have iVa"^^;) C iVf ^i;) and (m^ o TVf ^)(£') = 0. Thus, rud o A^a"^ is absolutely 
continuous. With the distribution function F{T) :— {rrid o A^^^)([l, T]), we obtain 



(5.32) 



a{b: 



dz 



dnid 



1 



1 



dF{t). 



In-\[1,B]) ^2(z) 

Integration by parts for the Stieltjes integral on the right-hand side suggests that 
we need to find a suitable bound for F{T). Clearly, 

F{T) ^Yol{N^\[l,T])) = VolA(T). 

With H, Du, as in (jSTM)) . let 

Ai{T) := {z e M"* I (z + D^) n dSUT^/"^) ^ 0}, and 



A2(r) := {z e M"* I (z + D^) n (5i,(ri/d) dh)^ 0}. 

A similar argument to before shows that A{T) C Ai{T) U A2(r). We already know 
that aS'],(Ti/'i) G Lip(d,A/i,Ti/'iLi) and S'),(ri/^)ni7 G Lip(n, Mi, r^/'^ii). The 
same holds of course for the closure. By Lemma l4. 11 (ii), we obtain 

VolAi(T) < T'^d-i)/d^ VolA2(T) < T^''^!)/'*, for T > 1, 
and thus F{T) < T^'^-^^/'^, for T > 1. Integration by parts gives 

^ idi^(t) = i^(B) /B - F(l) - i^rfi < B-i/'' + t-^^+^''^Ut < 1. 
With (lOO)) . ([OT|) and ([O^ . we obtain d^lTl). Together with dOSj) this gives 



Lemma 5.5. PFe /laue 
7(5) = 



4-6! 



2'-(2^)^j?;^ 



{\ogBf 
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Proof. Let m„ denote the Lebesgue measure on M". We define the measurable 
function / : iS^p{(x,))^ ^ by /((z„)„ev") = iN{z,)),^v For any ceU E := 
]^,ygy,(a„, by], with < Oi, <by, we have 

vev 

Thus, mgdo {Yo\S},{l))^me on (R2:0)6. Let 

Mq(B) {(t„)i,ei/' e M'^ I t„ > 1 for all v and tjutjitljif^ < B for ah j}. 
Then 

The last integral is computed at the end of [TH]- □ 
We define 

Then (jS.lip and the previous two lemmata imply that 

M,{B,{K)y)= J^'^^^l {\ogBf + 0{\ogBf. 
Keep in mind that b^, G C for all v <^V' . With (ICTl) . (|5.10p . we obtain 
X(i3,(a.),) < (logi3)^ + of ^ (log 5) 

Let i? := niaxjl^Raj}^/'' Jlygy, Dla^^'"'^''''. Then i? > C4 > for some constant C4 
depending only on K. This implies in particular that logi? <C R- Moreover, we 
have 1/(05^?'^'') < 6j, for some constant C5 > 1 depending only on K. Therefore, 

M{B, (a„)„) > 3« p ^) Mi{B/{c^R^% (b„)„). 

Whenever B > ec^R'^'^, we obtain 



MiB, (a„).) > „ ^ 1. \og{Bl{c,R''')f + O — \og{B / {cR"")) 



(logi?)'> + 0{- — (logi?)^). 



This result holds as well if e < i? < ec^R'^'^, since then the error term dominates 
the main term. Therefore, 

MiB^iay).,) = n^^^i?. (logi3)« + 0( ^ (loggf), 

and Lemma 13.11 follows from ([5 
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